Using the parametrizations of Kubert, we show how to produce in nite families of elliptic curves which have prescribed nontrivial torsion over Q and rank at least one. These curves can be used to speed up the ECM factorization algorithm of Lenstra. We also brie y discuss curves with complex multiplication in this context.
Introduction

1.1
The ECM method of Lenstra 5] for nding a prime factor p of a number N uses a \random" elliptic curve If the number k of points on E modulo p is smooth, the method succeeds. Suyama 9] and Montgomery 7] developed in nite classes of curves E for which k has some prescribed small factors; on reasonable probabilistic assumptions (borne out in practice) this should lead to a slight improvement in the method. Speci cally, Montgomery and Suyama each force a factor of 12 in k, and Montgomery forces a factor of 16 but only on the assumption that p is congruent to 1 modulo 4.
In this paper, we show how to force a factor of 16 without restriction on p, for an in nite class of curves E. More precisely, we exhibit an in nite family of curves de ned over Q, for each of which the group of rational points contains a subgroup isomorphic to Z=2Z Z=8Z, and a computable rational point of in nite order. We also discuss the limited use of curves with complex multiplication in the special contexts of the Cunningham project 2] and primality proving 1].
1.2
In order to construct curves with prescribed factors of k, we can look at curves de ned over Q which have large torsion groups. By a theorem of Mazur 6] , we know that the only possible torsion groups over Q are E tor (Q) = Z=mZ; m = 1; 2; : : :; 10 or 12; Z=2Z Z=2mZ; m = 1; 2; 3; 4:
(1) Kubert 4] gave parametrizations for all these groups. In order to make ECM e ective with these curves, we need a further condition beyond Kubert's parametrization, namely that we can exhibit a point on E modulo N. This requires that our parametrization must include a rational point of in nite order on E de ned over Q. We shall use Kubert's curves to exhibit families of elliptic curves of rank at least 1 de ned over Q whose torsion group is among Z=8Z Z=2Z, Z=5Z, Z=7Z, Z=9Z, Z=10Z. The remaining groups in the list (1) can also be exhibited by the methods of our paper, but are not included here since they are already subsumed by the Montgomery-Suyama parametrizations. For completeness, we include a brief description of Kubert's theory and of the classical reduction of quartic curves to cubic curves. In turn, this latter curve is birationally equivalent to In order to make Proposition 3.1 e ective, we observe that P = (12; 40) is a point of in nite order on C 00 .
Each multiple of P gives a di erent curve E( ) and it is easy to verify that none of the sixteen points of nite order on E( ) have x 0 = ?(2d ? 1)=4, and thus the rational point on E( ) prescribed by Proposition 3.1 will have in nite order as desired.
We describe the remaining cases more brie y. 
Let us decide to cancel the last two terms of (7). This yields c = x(4x + 1) 6x + 2 :
In that case, the point (x; x(x + 1)(4x + 1)=(4 + 12x)) is on E(c; c) and by inspection, it has in nite order, provided that x 6 = 0; ?1=2; ?1=3; ?1=4.
3.3
The Case E tor = Z=7Z We then nd that (1; 1) is a point on in nite order on C 00 . 
Summary
For practical application, one may as well use the largest group available, namely the group Z=8Z Z=2Z of x3.1, giving a prescribed factor of 16 in k. It is possible a priori that the in nite family we use is too particularly de ned to be random, but in practice we have not found this to be so. An unusual feature in one or two instances was that a small factor of N was found during the preparation of the curve E, i.e., by virtue of the smoothness of the number of points on the curve and in the second stage only consider single primes r. For a given B, this cuts the time to approximately half as compared with a general elliptic curve. On the other hand, the (unknown) factor p of a given composite N for which we hope to nd a smooth k will with probability 1=2 have (?D=p) = ?1, in which case we are merely repeating the (P + 1)-factorization method 11]. Presumably that method has already been tried, and even if it has not our product F is quite unsuitable. So on balance it seems that we gain nothing in the general case. However, there are two cases where it can be guaranteed that all the prime factors of our composite N will be norms in some quadratic eld Q( p ?D 5). We also face a limitation similar to that of the (P + 1)-method of factorization; if we twist our curve by the character (:=N) we shall certainly also twist it modulo p for at least one prime divisor p of N, but this may not be the divisor p for which the twist modulo p has a smooth number of points. Thus for D > 4 it is not worth using a twist of a curve that has already been used, rather than a wholly independent curve; the saving of half the time is balanced by the probability 1=2 that we are merely repeating the curve modulo p. However for D = 3 it is worth using up to three curves (from a total of six curves related by twists), and for D = 4 up to two curves (from a total of four curves). Thus in the present example we can use three curves for D = 3, two for D = 4, and one each for the others, giving a total of 16 specially favorable curves.
The other case is in the elliptic curve primality proving method described in the authors' paper 1], which can also be consulted for more theoretical details of the above. There at each stage of the \downrun" one attempts to factorize norms in Q( p ?D); however the only square root not available is p ?D itself, so that only the nine D of class number one can be used.
Conclusion
We have described the construction of families of elliptic curves over Q which have simultaneously nontrivial torsion and nontrivial rank. These curves are then used to speed up the ECM algorithm. We have also indicated a limited use of elliptic curves with complex multiplication.
